We study B → K * ρ modes that are analogues of the much studied B → Kπ modes with B decaying to two vector mesons instead of pseudoscalar mesons, using topological amplitudes in the quark diagram approach. We show how B → K * ρ modes can be used to obtain many more observables than those for B → Kπ modes, even though the quark level subprocesses of both modes are exactly the same. All the theoretical parameters (except for the weak phase γ), such as the magnitudes of the topological amplitudes and their strong phases, can be determined in terms of the observables without any model-dependent assumption. We demonstrate how B → K * ρ can also be used to verify if there exist any relations between theoretical parameters, such as the hierarchy relations between the topological amplitudes and possible relations between the strong phases. Conversely, if there exist reliable theoretical estimates of amplitudes and strong phases, the presence of New physics could be probed. We show that if the tree and color-supressed tree are related to the electroweak penguins and color-supressed electroweak penguins, it is not only possible to verify the validity of such relations but also to have a clean measurement of New Physics parameters.
I. INTRODUCTION
The study of two-body hadronic B decays provides good opportunities to test the Standard Model (SM) and further to probe possible new physics (NP) effects beyond the SM.
Large numbers of B mesons have been produced at the B factories enabling accurate measurements of branching ratios and direct CP asymmetry for many modes. The B → V V modes, where V denotes a vector meson, have the advantage that they provide many more observables, compared with those being measured in B → P P (e.g., B → Kπ) or B → V P (e.g., B → K * π) modes, where P denotes a pseudoscalar meson, due to spins of the final state vector mesons. Since the first observation of B → K * φ by CLEO Collaboration [1] , several B decays to two charmless vector mesons, such as B → K * ρ and B → ρρ, have been reported by BABAR and BELLE Collaboration [2, 3, 4, 5, 6, 7] . In fact, polarization measurements for several such modes have already been reported.
Recent experimental results [2, 3, 8] for the B → Kπ mode, show deviations from SM expectations; the discrepancy, commonly being referred to as the "B → Kπ puzzle." The dominant quark level subprocesses for B → Kπ decays are b → sqq (q = u, d) penguin processes which are potentially sensitive to NP effects. Many efforts have been made to resolve the puzzle [9, 10] . A model-independent study shows that the experimental data strongly indicate large enhancements of both the electroweak (EW) penguin and the colorsuppressed tree contributions [10] . The B → Kπ modes have certain inherent limitations.
The four B → Kπ decay modes can experimentally yield at most 9 observables: four each of the branching ratios and direct CP asymmetries and one time-dependent CP asymmetry.
Clearly, the 9 observables are insufficient to determine all the 12 theoretical parameters [10] needed to describe these decay modes. One hence needs to make some assumptions. Traditionally, assumptions have often been made on sizes of the topological amplitudes as well as on the strong phases of the different topologies.
The B → K * ρ modes are the B → V V analogues of B → Kπ modes, in the sense that the quark level processes of both modes are exactly the same. Thus, it is expected that if there appear any NP effects through B → Kπ, then similar NP effects will appear through B → K * ρ as well. However, the study of B → V V modes necessitates performing an angular analysis in order to obtain the helicity amplitudes. While angular analysis is often regarded as an additional complication needed due to the presence of both CP-even and CP-odd components that dilute the time dependent CP asymmetry, it can provide an impressive gain in terms of the large number of observables. We note that preliminary polarization measurement for B + → K * + ρ 0 , B + → K * 0 ρ + and B 0 → K * 0 ρ 0 have already been done [2, 3, 4, 7] .
In this work, we study B → K * ρ decays in a model-independent approach. We will show that in comparison to the B → Kπ modes that yield 9 observables, the B → K * ρ modes result in a total of 35 independent observables. A theoretical description of B → K * ρ, however, requires 36 independent parameters, which is still one short of the number of possible observables. While the large number of observables may not seem like a distinct advantage at first, we will argue that they provide valuable insights into resolving the "B → Kπ puzzle." Our goal is two-fold. First, we try to determine all the relevant theoretical parameters describing the decay amplitudes of B → K * ρ in a model-independent way in terms of experimental observables. These determined theoretical parameters can be compared with the corresponding model estimates. The information will be very useful for improving model calculations, such as those based on QCD factorization [11] , perturbative QCD [12] , and so on. Second, we try to suggest certain tests of the SM that may reveal NP effects if they appear in B → K * ρ decays. Any indication of NP effects in B → K * ρ will provide valuable hints on possible NP effects in B → Kπ decays. For our goal, the decay amplitudes of B → K * ρ are decomposed into linear combinations of the topological amplitudes in the quark diagram approach [13] . We then focus on how to extract all the theoretical parameters, including the magnitudes of the topological amplitudes and their strong phases, in terms of experimental observables. As it turns out, all the parameters can be determined in analytic forms. We also propose tests of conventional hierarchy relations between the topological amplitudes and of possible relations between the relevant strong phases within the SM. A breakdown of these relations may indicate possible NP contributions appearing in B → K * ρ decays, as well as in the analogous mode B → Kπ. One could hence verify if NP is the source of the "B → Kπ puzzle."
The paper is organized as follows. A general formalism for B → K * ρ is presented in Sec. II. In Sec. III we explicitly show that it is possible to obtain analytic solutions to all the theoretical parameters in terms of observables. In Sec. VI we discuss how to examine the conventional hierarchy of the topological amplitudes and possible relations of their strong phases. We conclude in Sec. VII.
The decay amplitudes for four B → K * ρ modes can be written in terms of the topological amplitudes in the quark diagram approach as
where V ij (i = u, t; j = s, b) are Cabibbo-Kobayashi-Maskawa (CKM) matrix elements and the subscript λ = {0, , ⊥} denotes the helicity of the amplitudes. The amplitudes
are defined as
where P ic ≡ P i − P c and E ic ≡ E i − E c (i = u, t). The topological amplitude T is a colorfavored tree amplitude, C is a color-suppressed tree, A is an annihilation, P j (j = u, c, t) is a QCD penguin, E j is a penguin exchange, P EW is a color-favored electroweak (EW) penguin,
is a color-suppressed EW penguin exchange diagram. We follow and generalize the notation used in Ref. [10] .
The relative sizes among these topological amplitudes are roughly estimated [13] as
whereλ ∼ 0.2. For the relative size of |V * ub V us P uc |, one can roughly estimate that
Note that |P u | and |P c | are smaller than |P t | [14] , and more precisely it can be estimated that 0.2 < |P uc /P tc | < 0.4 within the perturbative calculation [15] . Therefore, we assume
Now we re-express Eqs. (1)− (4) as
where the γ and δ λ 's are the weak phase and the relevant strong phases, respectively. We note that isospin symmetry relates the amplitudes for these 4 decay modes and their conjugate modes by the relations:
It should be emphasized that as mentioned in Ref. [16] , for the B → Kπ mode, the above expressions in Eqs. (13) are determined purely in terms of φ N P and γ. As an explicit example let us consider NP contributing via the EW penguin to amplitudes in Eqs. (14) and (16) . Using reparametrization invariance it can easily be absorbed by redefining the amplitudesP EW λ andC λ , so that the amplitudes in Eqs. (14) and (16) retain the same form. In general NP contributing to any of the topological amplitudes can be easily absorbed so that the amplitudes in Eqs. (13)- (16) retain the same form.
The amplitudes for B → K * ρ involve three helicities for each of the modes. These amplitudes and their conjugates, involving the three helicities, are expressed as
where the g λ are the coefficients of the helicity amplitudes written in the linear polarization basis. The g λ depend only on the angles describing the kinematics [18] . The helicity amplitudes (and their conjugate amplitudes) for the four K * ρ modes are denoted by A
. Thus, the number of amplitudes is three times that for the B → Kπ modes. In contrast to the B → Kπ case, one can in principle measure many more observables in the B → K * ρ case. Without including the interference terms between helicities, one would have three times the number of observables in comparison to the Kπ modes, i.e., 27 observables. However, many more of observables result from the interference terms between the helicities. Let us examine in detail the number of observables available
The time dependent decay for B → f , where f is one of the K * ρ final state, may be expressed as
where
Only for the CP eigenstate K * 0 ρ 0 one can measure all these 18 observables. The other 3 modes are not CP eigenstates so that time dependent asymmetry cannot be measured.
For each of these modes only Λ f λσ and Σ f λσ can be measured, resulting in a total of 12 observables for each of the 3 modes:
This results in a total of 54 observables. However, due to the isospin relations in Eqs. (17) and (18), the number of independent amplitudes is 18. This results in a total of 35 independent informations related to 18 magnitudes of the amplitudes and their 17 relative phases at best.
Thus, only 35 of the above 54 observables can be independent.
The modes B → K * ρ can be described theoretically using isospin in a manner analogous to the B → Kπ modes. Since there are three helicity states, the amplitudes corresponding to the different topologies carry a helicity index and may be denoted byT
There are hence 18 amplitudes each with its own strong phase denoted by δ
, respectively. Since only relative strong phases can be measured, the number of strong phases may be reduced to 17. Thus the theoretical description requires 36 parameters: 18 (real) amplitudes, 17 strong phases and γ. Despite the large number of observables in the K * ρ case, we still have one more parameter than the observables.
In the next section, we discuss how to determine all the theoretical parameters, such as the magnitudes and strong phases of the topological amplitudes, in term of the observables.
III. EXTRACTING CONTRIBUTIONS OF VARIOUS TOPOLOGIES
The B → K * ρ modes are described by a total of 36 parameters. However, as discussed above, one can obtain a maximum of 35 independent informations from the measurements. Therefore, it is only possible to solve for the parameters with respect to one unknown parameter namely γ. It is well known that the weak phase γ can be measured through , 3] . In this section we present analytic solutions to all the parameters with respect to γ. To simplify expression we introduce some new notation. We define
where (ij) = (0+), (+0), (+−), (00) and λ = {0, , ⊥}.
For illustration, we divide our task of finding the analytic solutions into two steps as follows. We first find the phases α We begin by considering the decay amplitudes of the K * 0 ρ + mode shown in Eq (13) . Because the theoretical estimation of the annihilation contribution is very small |Ã/P | ∼ O(λ 3 ) whereλ ∼ 0.2 , one can safely neglect it [19] . After neglecting the annihilation terms, we obtainP
These relations imply that the direct CP asymmetry of the
We set α (26) and (27), up to a discrete ambiguity. This ambiguity can be removed by using theoretical estimates [5] . From now on, for the sake of convenience, we re-parameterize for each helicity state every relevant phase,
λ , etc., as the relative phase to δ P λ . For instance, the strong phase δ T is understood as (δ T − δ P ).
As a next step, we use the isospin analysis to determine α ij λ ,ᾱ ij λ in terms of the observables. The isospin relations between the decay amplitudes for B → K * ρ and their conjugate modes are the same as those given in Eqs. (17) and (18). Eq. (17) can be rewritten as , which are to be determined. Since we have 3 independent complex equations with these 3 real parameters for λ = {0, , ⊥}, we can solve these equations to determine the parameters α 
Thus, in Eq. (29) for λ = {0, , ⊥} there are only three independent real parametersᾱ +− 0 ,ᾱ 00 0 andᾱ +0 0 that can be determined by solving the three independent complex equations. Consequently, all the 12Ā ij λ and the 12ᾱ ij λ are also completely determined. Now let us define the following useful parameters:
Since everything on the right-hand side of these equations has been found, one can determine for each helicity state all the 8 parameters
on the left-hand side in terms of the known parameters by directly solving the 4 complex equations. Then we reexpress Eqs. (15) and (16) as
For each λ, these two complex equations together with their CP conjugate mode equations (i.e., 8 real equations) include 8 real parameters (the magnitudes and strong phases of 4 topological amplitudes) that need to be determined in terms of the observables. It is straightforward to obtain the magnitudes of the topological amplitudes:
And the strong phases are tan δ 
We have shown that all the hadronic parameters can be cast in terms of the observables and only one unknown parameter γ. If we measure the γ from somewhere else, then we can achieve a model-independent understanding of which hadronic parameter is dominating in these modes.
Future experiments are important to provide the necessary information to extract each hadronic parameter. For instance, the parameters, such as the color-suppressed tree (C λ ) and the EW penguin (P EW λ ) amplitudes, can be determined by using the relevant observables expected to be measured in the near future and the formulas given in Eqs. (35) and (37).
Then, by comparing the determined parameters with theoretical predictions, one can further investigate possible NP effects appearing in B → K * ρ decay processes [20] . In the next section we discuss in details how the determination of these parameters in terms of the observables can be used to verify the hierarchy relations between the topological amplitudes that are conventionally assumed to be true in the SM. We also discuss ways to test the validity of assumptions equating the strong phases of a certain set of topological amplitudes.
IV. TESTING THE HIERARCHY OF TOPOLOGICAL AMPLITUDES AND POSSIBLE RELATIONS BETWEEN THEIR STRONG PHASES
In last section we have estimated all the topological amplitudes and strong phases purely in terms of the observables and γ. Having obtained these relations it is straightforward to conclude that if there exist any relations between the theoretical parameters they must also result in relations among the observables.
We first derive certain relations between the observables that test the conventional hier-archy between the topological amplitudes within the SM. It may be expected that
in analogy to the expectations [21] for the modes B → Kπ, as the two modes are topologically equivalent.
The topological amplitudesP λ ,Ã λ ,T λ ,C λ ,P 
Besides the above relation, simple tests verifying the hierarchy ofP 
Similarly assuming that P EW λ =λ P λ in Eq. (16), it can be found that
The relationsT λ ≈P EW λ andC λ ≈P EW Cλ would imply that
Testing the hierarchyT λ >P EW C,λ andP EW λ >C λ is rather simple. We note thatT λ andC λ can be rewritten asT
Comparing these equations with Eqs. (36) and (37), we find that
The relations (43)−(52) will provide a litmus test to verify the hierarchy assumption between the magnitudes of topological amplitudes. Since the decay modes B → Kπ and B → K * ρ are equivalent at quark level, the same hierarchy relation is expected to hold in B → Kπ modes. Now let us move our focus on to the strong phases. One can derive several relations purely in terms of the observables and γ by assuming relations between the strong phases of the topological amplitudes. These relations would be very important in verifying the assumptions often made between these strong phases, such as δ
, which are expected to hold within the SM. We discuss only a few such relations that test some common assumptions being made on the strong phases [22] .
We first consider the implication of the interesting relation δ 
In fact, this relation can be obtained directly from Eq. (16) . If δ C λ = 0, the real part of the amplitude A 00 λ is the same as that of its CP conjugate amplitudeĀ 00 λ , which is just the restatement of the relation (53). Since the topological amplitudeC λ is estimated to be very small (C λ =λ 2P λ ) in the SM, it is also expected from Eq. (16) 
where we have usedC λ =λ 2P λ . Before concluding this section we note that the validity of the several relations derived above, or the degree to which they fail to hold, will shed light on the possible origins of the "B → Kπ puzzle," and hence help in uncovering possible NP contributions.
V. ISOLATING SIGNALS OF NEW PHYSICS IN B → K * ρ MODES
In the previous section we derived relations that test possible relations between topological amplitudes and strong phases. If we instead assume that these relations hold within the SM, a violation of these relations would signal NP. In Sec. II we showed that NP contributing to any of the topological amplitudes can be easily absorbed so that the amplitudes in Eqs. (13)− (16) retain the same form, making it impossible to have a clean signal of NP.
However, if there exist relations between the amplitudes or strong phases, the B → K * ρ amplitudes would differ from the SM form in the presence of NP. Since the number of independent SM parameters is reduced, one may now, not only be able to see signals of NP but also solve for NP parameters. In this section we consider two cases to explore this possibility.
We first discuss the consequence of relations betweenP Let us consider NP contributing via the EW penguins, to amplitudes in Eqs. (14) and (16).
We assume that NP contributes with an amplitude
We have shown that using angular-analysis we can solve for all the parameters in Eqs. (13)
−(16).
In particular we can measureP
Note that these measured values include any NP contributions that may be present. In fact, if NP contributes via the EW penguins, the SM amplitudes (defined by calligraphic characters)-
andC λ are the only ones modified by NP, but they cannot themselves be measured.
The other amplitudes are unmodified by NP and hence we need not distinguish the SM amplitudes from the amplitudes defined in Eqs. (13)−(16). In the SM, to a good approximation [23] , using flavor SU(3) the ∆I = 3/2 parts of the tree and electroweak penguin Hamiltonians are simply related by
Hence,P 
where the c i are Wilson coefficients [24] . Using the SM relations in Eq. (57), it is easy to see that
Eqs. (58) and (59) 
In fact, under the assumptions made there are enough observables even to solve for ζ, enabling us not only to measure NP but also test the SU(3) assumption.
Instead of assuming that the SM amplitudes are related by Eq. (57), we next assume that in the SM the strong phases are related such that δ Hence, the assumptions on strong phases do not allow a clean test of NP; the failure of the relations between strong phases could be due to NP or simply due to hadronic effects within the SM. The assumptions of Eq. (57) in the case discussed previously allow a clean test of NP as the assumption can be verified independent of possible NP contributions.
We emphasize that due to reparameterization invariance it is in general impossible to have a clean signal (i.e. model-independent signal) of NP [16] . Furthermore, tests of NP are based on relations between the amplitudes and strong phases of topological amplitudes.
It is not always possible to independently test the hadronic assumption and at the same time cleanly measure the NP parameters. However, we do demonstrate that if the tree and 
color-supressed tree are related to the electroweak penguins and color-supressed electroweak penguins by the well known relations of Eq. (57), it is possible not only to verify the validity of these relations but also to have a clean measurement of New Physics parameters. It would be worth doing an angular anlysis in B → K * ρ not only to establish cleanly the validity of the relations in Eq. (57) but also at the same time to cleanly probe for NP.
VI. NUMERICAL ANALYSIS
In this section we perform numerical analysis to investigate how much sensitive to possible NP effects each observable for B → K * ρ decays could be. As discussed in Sec. V, we consider NP contributing via the EW penguins. For simplicity we further assume that additional information on the theoretical parameters is given from somewhere, for instance, from future theoretical estimates, so that the SM amplitudesC λ andP EW λ are known. Therefore, the SM amplitudeP EW λ is the only one modified by NP and the amplitudesC λ andP EW λ in Eqs. (14) and (16) can be expressed explicitly in terms of the SM and NP amplitudes:
where δ ′EW λ and φ EW are the strong and weak phases of the NP amplitudes, respectively.
We first summarize the present status of the experimental results on B → K * ρ modes in Because those data shown in Table I are currently the only available ones, we follow the following procedures: (i) In order to determine the theoretical parameters in a reasonable way, we adopt the χ 2 minimization technique and use the currently available data as constraints on the parameters. We first consider only the dominant strong penguin contributions and neglect all the other topological amplitudes. Then, we use five known observables given in Table I and try to fit the dominant strong penguin amplitudesP λ (λ = 0, ⊥, ) and their phases δ P λ with δ P 0 ≡ 0. The degrees of freedom (d.o.f) for this fit is 0. As a next step, we assume that the SM amplitudes, such asT ,C,P EW ,Ã, follow the conventional hierarchy as in B → Kπ within the SM: for instance, in the pQCD approach [25] ,T /P = 0.15, In both cases, the strong phases are set to be δ
The NP weak phase is chosen to be φ EW = 90
• , which is consistent with that used to explain the B → Kπ puzzle [26] .
The results are presented in Figs are the same as those in Fig. 1 . We see that for many observables, the predictions with the NP contributions are very much off the SM ones. This is the expected result, due to the large NP effects. Thus, if any anomalously large NP effects, e.g., a large color-suppressed tree contribution, appears in B → K * ρ decays, one can easily find them through those observables. Obviously if more (precise) experimental data are available in the future, all the predictions shown in Fig. 1 and 2 will be able to become more reliable.
VII. CONCLUSIONS
We have performed a detailed study of the B → K * ρ decays using a model-independent approach. It was shown that B → K * ρ modes have a distinct advantage due the large number of independent observables that can be measured. In comparison to the B → Kπ modes that yield only 9 independent observables, the B → K * ρ modes result in as many as 35 independent observables. Since B → Kπ and B → K * ρ have the same quark level subprocess, the study of B → K * ρ may well shed light on the well known "B → Kπ puzzle." The relevant decay amplitudes were decomposed into linear combinations of the topological amplitudes with their respective strong phases assuming isospin. We point out that the amplitude written this way are the most general ones and included contributions not only from the SM but also any NP that might exsit. We obtain explicit model-independent expressions for all the topological amplitudes and their strong phases in terms of observables and the weak phase γ. With γ measured using other modes, our results are the first in literature to estimate the topological amplitudes and strong phases purely in terms of observables, for the B → Kπ analogous modes. We further suggest clean tests to verify if there exist any hierarchy relations among topological amplitudes analogous to the ones conventionally assumed to exists for B → Kπ in the SM. In addition we present tests that would verify any equality between the strong phases of the topological amplitudes. A model independent understanding of the relative sizes of the topological amplitudes and relations between their strong phases could provide valuable insights into NP searches. While it is not in general possible to independently test the hadronic assumption and at the same time cleanly measure the NP parameters, we show one example where it is possible to do both. We demonstrate that if the tree and color-supressed tree are related to the electroweak penguins and color-supressed electroweak penguins, it is not only possible to verify the validity of such relations but also to cleanly measure New Physics parameters.
We also present a numerical study to examine which of the observables are more sensitive to New Physics. 
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